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Dispersion of meteor trails in the geomagnetic field
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School of Mathematical and Physical Sciences, James Cook University, P.O. Box 6811, Cairns 4870, Australia

~Received 20 June 2000; published 18 January 2001!

A meteor trail is modeled by a long column of weakly ionized plasma, whose dispersion is controlled by the
geomagnetic field and the requirement to maintain effective space charge neutrality. First we consider scatter-
ing of a radar signal from an underdense trail and derive an expression for the amplitude of the backscattered
signal as a function of time. Then, starting from the basic momentum balance equations for electrons and ions
in a partially ionized plasma, we require divergences of ion and electron fluxes to be equal, plus assume
equality of the flux components along the magnetic field direction. The analysis is really applicable to a whole
range of plasma problems, although we focus upon meteor trails for now. It is found that charged particle
densities satisfy a diffusion equation and we obtain an expression for the ambipolar diffusion tensor and
expressions for the ambipolar electric field, valid for arbitrary relative orientations of the magnetic field and
meteor trail axis. Results are somewhat different from previous analyses in the meteor literature.
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I. INTRODUCTION

The theoretical description of the dispersion of mete
trails at heights*95 km, where atmospheric density is su
ficiently low such that collision frequencies are small enou
to allow the geomagnetic field to significantly influen
transport properites, has been the subject of a numbe
studies over the years. The paper by Jones@1# outlines the
traditional approach to the problem and summarizes the
lier literature @2,3#. More recently, the Elford brothers@4#
have discussed the numerical calculation of the effective
fusion coefficients appearing in Jones’ paper using ‘‘swar
and atomic physics data.

The ionized gas in the trail generated by the passage
meteor in the upper atmosphere generally exhibits the p
erties of a low temperature, quiescent plasma. In particu
the subsequent diffusion is ambipolar. An understanding
ambipolar diffusion in plasmas subject to a magnetic field
of importance in a wide variety of circumstances, from bo
laboratory low and high temperature plasmas to natur
occurring phenomena. Unfortunately, the theory seems to
problematic, judging from the remarks of Phelps@5#, often
contradictory text book presentations@6,7#, and an appar-
ently completely different way of looking at things in th
meteor literature@1–3#. Little attempt has hitherto been mad
to place the meteor problem in the context of mainstre
plasma physics. A comparison is long overdue and is the
and primary task of the present paper. It is by no mean
trivial operation. The difficulty is compounded by the fa
that ambipolar diffusion in a magnetic fieldper sealso needs
to be examined. Thus although we discuss the problem in
context of dispersion of meteor trails, the results have
wider applicability, at least for cylindrical plasmas in a un
form field. Because of the dual purpose nature of this pa
we have chosen to limit the discussion more towards ge
alities, preferring to leave detailed applications and num
cal calculations~to meteor trials or otherwise! to subsequen
specialized papers. This then is the scope of the pre
paper.

We commence with a brief discussion in Sec. II of a rad
signal backscattered from the electrons in an ‘‘underden
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meteor trail. Irrespective of the initial shape of the trail, t
intensity of the signal decays exponentially, but the tim
constant is determined by an effective diffusion coefficie
which is quite different from anything which appears in t
meteor literature. Indeed the results obtained here are ofte
odds with this previous literature, except in certain limitin
cases.

The transport theory providing the basis for our expr
sions is given in Sec. III, while the results are discussed
Sec. IV.

II. THE BACKSCATTERED SIGNAL

Consider a meteor trail to be a column of partially ioniz
plasma oriented at an arbitrary angleu to the geomagnetic
field B. A radar transmitter at the earth’s surface send
signal of wave numberk0 to a region of the magnetospher
where it is scattered by the column into an outgoing signa
wave numberk. The coordinate system is shown in Fig. 1

The amplitudeA(t) of the scattered wave is proportion
to the Fourier transform of the electron number dens
n(r ,t), i.e.,

A~ t !;n̂~Dk,t !5E d3r n~r ,t !exp~2 iDk•r !, ~1!

whereDk5k2k0 is the change in wave vector. For bac
scattering,k52k0, and it is clear that

FIG. 1. The meteor trail axis, magnetic fieldB, and wave vector
k0.
©2001 The American Physical Society04-1
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Dk522k0 . ~2!

In the next section we show that electron density satisfie
diffusion equation, which can be written in the form

] tn5D:¹¹n ~3!

in which the colon denotes a double contraction over ten
indices, the diffusion tensor has the structure

D5D ibb1D'~ I2bb!, ~4!

whereb is a unit vector in the direction ofB, I is the unit
tensor, andD iandD' are diffusion coefficients parallel an
perpendicular toB. To find n̂(K ,t) we first Fourier transform
Eq. ~3! and then solve the resulting equation:

n̂~K ,t !5n̂~K ,0!exp$2KK :Dt%. ~5!

With K5Dk522k0 it is clear from Eqs.~1! and~5! that the
scattered amplitude is given by

A~ t !5A~0!exp$24k0k0 :Dt%. ~6!

This expression is valid whatever the initial distributio
n(r ,0), whose effect is manifest in the backscattered sig
through the constant amplitudeA(0);n̂(22k0,0).

We now consider the coordinate system of Fig. 1,
which thez axis defines the direction of the meteor trail, t
x-z plane contains the geomagnetic field, while the incide
backscattered waves are contained in thex-y plane. Thus the
angle betweenB and thez axis isu, while we denote bym
the angle betweenk0 and they axis. In this reference frame

b5sinu i1cosu k, ~7!

k052k0 sinm i2k0cosm j , ~8!

and hence

k0•b52k0 sinm sinu, ~9!

k0k0 :D5k0
2@D i sin2m sin2u1D'~12sin2m sin2u!#.

~10!

When Eq.~10! is substituted in Eq.~6! there results

A~ t !5A~0!exp@24k0
2tDeff#, ~11!

where the effective orientation-dependent diffusion coe
cient is given by

Deff5D i sin2m sin2u1D'~12sin2m sin2u!]. ~12!

We now turn to the transport theory which produces th
expressions.

III. AMBIPOLAR DIFFUSION IN A PLASMA COLUMN

A. Momentum balance equations and key assumptions

The equations of continuity for electron and ions are,
suming no bulk ionization or attachment processes,
02640
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] tne1¹•Ge50, ~13!

] tni1¹•G i50, ~14!

where Ge and G i denote electron and ion particle fluxe
respectively. We shall assume singly charged ions and
the plasma column has evolved to a state where quasi
trality has been attained, so that

ne'ni[n. ~15!

It must be emphasised that this is an approximation, th
being some charge separation and some deviation from s
neutrality, resulting in an ambipolar electric fieldE being set
up. The accuracy of the approximation and the internal c
sistency of the treatment is something that is often taken
granted. In any case, in what follows we impose the con
tion

¹•Ge5¹•G i[¹•G, ~16!

which follows from Eqs.~13! and~14! and the quasineutral
ity condition ~15!. Notice that Eqs.~15! and~16! are consis-
tent with the assumptions of Ref.@1#. Similar assumptions
have been made in a recent discussion on ambibolar ‘‘di
sion cooling’’ @8#.

The momentum balance equations for ions and electr
in a neutral gas are@9#:

kTe¹n1e~nE1Ge3B!52meneGe , ~17!

kTi¹n2e~nE1Gi3B!52m in iGi , ~18!

whereGe andG i denote electron and ion particle fluxes,ne
and n i are collision frequencies for momentum transfer b
tween electrons and neutral molecules and ions and neut
respectively,me is the electron mass, andm i is the reduced
mass of an ion-neutral pair. Electron and ion temperatu
are represented byTe and Ti , respectively. Equations~17!
and ~18! convert to the familar flux-gradient relationship
@1–3,9# upon solving forGe and G i , but we find it more
convenient to leave them in their original form. It is to b
emphasized that we are explicitly assuming that the amb
lar field E is sufficiently weak so that collision frequencie
and temperatures are all constants, independent ofE. Other-
wise, if E were strong, a very difficult nonlinear problem
would result. This assumption is implicit in all other trea
ments of ambipolar diffusion.

In the absence of a magnetic field, it is usually assum
that all components of the electron and ion particle fluxes
equal @6,7#. In the more general case, which is presen
being discussed, it is possible to equate the component
particle flux alongB only, for only in that direction is
charged particle motion unaffected byB. Thus we have

b•Ge5b•G i[G i . ~19!

Otherwise, only equality~16! of the divergences of particle
fluxes can be assumed.

Note that in the above and in what follows we denote
subscriptsi and' properties and operations parallel an
4-2
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perpendicular toB, respectively.~Note that the direction of
the axis of the meteor trail plays no special role when
comes to calculation of transport properties.! Thus, for ex-
ample,

Ei5b•E, ~20!

E'5~ I2bb!•E. ~21!

Finally, we note two further important points:
~i! It is either explicitly or implicitly assumed here and

other work that the magnetic field is constant in both sp
and time. This is clearly an approximation, but if we acce
it, then by Faraday’s law it is required thatb•curlE50 for
consistency.

~ii ! In the simplest case where the magnetic field is
rected along the axis of the column, symmetry arguments@6#
lead to the conclusion that the ambipolar electric fieldE has
no azimuthal component perpendicular to bothB and¹n, a
condition expressed formally byE"(¹n3B)50. Note that
there may be currents circulating in the¹n3B direction, but
these do not result in any charge separation, and therefor
not produce an ambipolar field. We argue that this condit
also prevails in the more general case whereB makes an
arbitrary angle with the plasma column.

Putting these last two requirements together, we have

b•curl~nE!5nb•curlE1¹n•~E3b!50. ~22!

In the meteor literature@1–3# the trail axis rather than the
magnetic field is considered to provide the controlling ref
ence direction. Thus it is usually assumed thatE derives
from a scalar potential and any component along the t
axis is implicitly suppressed. This coincides with our sc
nario only in the special case whereu50.

B. Parallel diffusion

The components of the balance equations along the m
netic field are found by taking the dot product of Eqs.~17!
and ~18! with the unit vectorb:

kTe¹ in1neEi52meneG i , ~23!

kTi¹ in2neEi52m in iG i . ~24!

Elimination of Ei gives

G i52D i¹ in, ~25!

where

D i5
kTe1kTi

mene1m in i
'

kTe1kTi

m in i
[Di S 11

Te

Ti
D ~26!

andDi5kTi /m in i is the free ion diffusion coefficient. Simi
larly, elimination ofG i gives

neEi'2kTe¹ in. ~27!

All these equations are the same as the textbook form
for B50, which is to be expected, as motion alongB is the
02640
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same as if no field were present. Note that nonzeroEi im-
plies the existence of a nonzero component ofE along the
trail axis, again at odds with@1–3#

C. Transverse diffusion, diffusion equation

If the divergence is taken of Eqs.~17! and ~18! there
result equations containing not only¹•G but also curlG.
Further vector operations and manipulations eventually l
to the expressions

¹'•G'5D'¹'
2 n, ~28!

¹'•neE'52
~kTe2rkTi )

11r
¹'

2 n, ~29!

where

D'5
kTe1kTi

m in i~11r!
5

D i

11r
~30!

is the transverse ambipolar diffusion coefficient, and

r[
e2B2

menem in i
~31!

is the product of the cyclotron frequency-collision frequen
ratios for ions and electrons.

Equations~25! and ~28! combine to furnish the total di-
vergence of the particle flux

¹•G52D i¹ i
2n2D'¹'

2 n ~32!

and this together with the equation of continuity@either Eq.
~13! or Eq. ~14!# gives the diffusion equation

] tn5D i¹ i
2n1D'¹'

2 n[D:¹¹n, ~33!

where the diffusion tensorD is expressed by Eq.~4! above.
Note that the transverse diffusion coefficient@Eq. ~30!# is

independent of the angle of orientation of the column w
respect toB, as it should be. Transport properties are co
trolled by collision frequencies, densities, temperature, ex
nal fields, etc, but not in general by geometry.~An exception
to this is associated with the ‘‘diffusion cooling’’ phenom
enon@8#.!

D. The ambipolar electric field

The diffusion equation~33! and the analysis in Sec. III C
effectively solves the problem~at least formally! without any
further ado. However, it is of interest to discuss the ambi
lar electric field further. We have an expression~27! for the
component ofE parallel toB, and for the transverse compo
nent we assume that Eq.~29! implies
4-3
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neE'52
~kTe2rkTi !

11r
¹'n. ~34!

Equations~27! and ~35! can be combined to give the com
plete expression for the ambipolar field:

neE52kTe@DI1~ I2D!bb#•¹n ~35!

with

D5
12r~Ti /Te!

11r
. ~36!

Let us take the same coordinate system as before, in w
thez axis is defined by the axis of the plasma column, andB
lies in thex-z plane, making an angleu with thez axis. Then
the components ofE are

neEx52kTe@D]xn1~12D!sinu~sinu]xn1cosu]zn!#,
~37!

neEy52DkTe]yn, ~38!

and

neEz52kTe@D]zn1~12D!cosu~sinu]xn1cosu]zn!#.
~39!

If the column is uniform along its axis, then]zn50 and Eqs.
~37! and ~39! simplify to

neEx52kTe@D1~12D!sin2u#]xn, ~40!

neEz52kTe~12D!sinu cosu]xn. ~41!

Suppose thatB and hencer are sufficiently large thatD
defined by Eq.~36! becomes negative. Then by Eq.~40! Ex
can be zero or negative~i.e., E has a component pointin
radially inwards!, depending upon whetheru<uc , where

sin2uc[
uDu

11uDu
. ~42!

That a radial ambipolar field can change in sign has lo
been known@10#. Finally, notice that by Eqs.~37! and ~39!,

b•curl~nE!5sinu$curl~nE!%x1cosu$curl~nE!%z[0
~43!

confirming Eq.~22! and the internal consistency of the ca
culation.

E. Use of swarm data

To be of practical use, the formulas above must be
pressible in terms of empirically measured quantities.
swarm experiments@11# free diffusion coefficientsD and
mobilitiesK of electrons and ions in gases are measured o
a range of applied electric fields. For weak electric fields,
relationships of the latter to the collision frequencies appe
ing in this work are
02640
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and hence, for example, the key parameter@Eq. ~31!# is ex-
pressible as

r5KeKiB
2. ~45!

Electron and ion mobilities are tabled extensively in the
erature~see, e.g., references cited by Elford and Elford@4#
and @11#!. The free ion diffusion coefficient also figure
prominently in the discussion. If it is not directly availab
from swarm experiments, then it may be deduced fromDi
5(kTi /e)Ki , effectively the Einstein relation@11#. Note that
estimates of electron and ion temperatures are require
complete any numerical calculations. In any case, the exp
sions for ambipolar diffusion coefficients can be evalua
numerically from existing empirical swarm data, for wha
ever type of plasma is desired, for meteor trails in the g
magnetic field or otherwise.

IV. CONCLUDING REMARKS

We have analyzed ambipolar diffusion in a cylindric
column of partially ionized plasma oriented at an arbitra
angle with respect to a uniform magnetic field, with a vie
to applying the results to dispersion of meteor trails in t
ionosphere, and to clarifying uncertainties from a fundam
tal plasma physics point of view@5–7#. Our approach is con-
sistent with conventional plasma physics ideas, but our
sults appear to be at odds with the meteor literature@1–3#.
We have started with the basic momentum balance equat
for ions and electrons in a weakly ionized plasma and
rived expressions~26! and ~30! for ambipolar diffusion co-
efficients parallel and perpendicular to the magnetic field
has also been shown that the radial component of the am
polar electric field can reverse sign for sufficiently sm
relative orientation angles.

Present thinking differs fundamentally from other pape
in the meteor literature, insofar as the magnetic field dir
tion provides the reference axis for the calculation of tra
port properties, not the axis of the meteor trail. Our fund
mental quantities are the diffusion coefficientsD i and D'

parallel and perpendicular toB, which are controlled only by
fundamental ion and electron parameters and the value oB,
and which have nothing to do with geometry. In Ref.@1#, in
contrast, other quite different, diffusion coefficients play t
dominant role, for reasons which are not at all clear. T
assumptions in Ref.@1# concerning quasineutrality are con
sistent ~although not transparently so! with mainstream
plasma physics, and with Eqs.~15! and ~16! of the present
paper. However, the justification for other crucial assum
tions, for example, those spelled out at the beginning of S
3 of Ref.@1#, which underpin the whole subsequent analys
is not at all clear. In any case it is not surprising that discr
ancies become manifest at an early stage. Thus our exp
sion ~12! for the effective diffusion coefficientDeff occurring
in the decay constant for the backscattered signal, obta
independently of and prior to any explicit expressions forD i
4-4



x-

er
it
s
on

us-
.
is

ring

DISPERSION OF METEOR TRAILS IN THE . . . PHYSICAL REVIEW E 63 026404
andD' , is quite different in form to the corresponding e
pression equation~28! of Ref. @1#. Given that this is the
experimentally measured quantity, the implications for int
pretation of meteor trails would seem to be potentially qu
serious, and the present paper will hopefully serve a
stimulus for a reevaluation of the theory and assumpti
contained in Refs.@1–3#.
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